
Introduction

The European Union Floods Directive requires drawing
maps of flood hazard and risk for all river basins according
to three scenarios: low, medium, and high hazard. In order
to prepare such maps, detailed knowledge of flood wave
characteristics, peak discharges, and duration times is
required [1-6]. Particular attention must be paid to methods
of determining hypothetical hydrographs, which are
applied to find flood hazard zones, to design hydraulic
structures, and to assess the conditions in a catchment. The
knowledge of these waves is also crucial for the transfor-
mation of a wave in a watercourse [7-9].

The main aim of our paper is the assessment of the sen-
sitivity of two synthetic unit hydrograph (SUH) models,
applied to a small mountain catchment, to parameter
changes. Two SUH models described by the two-parameter
beta and two-parameter Weibull probability density func-
tions are constructed in the first stage of the analysis. The
objective function that includes both the peak discharge and
the time to peak is applied. This step is important for appli-
cations because, due to a large variety of catchments and
climatic conditions that prevail in different world regions, it
is necessary to determine a set of model parameters relevant
to local conditions. Then the models are assessed using the
sensitivity analysis that evaluates the parameter impacts on
the model response, selects the most important variables,
and investigates the effect of error in input on the error in
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Abstract
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using sensitivity analysis. The beta and Weibull probability density functions and the objective function that

includes both the peak discharge and time to peak were chosen to construct the SUHs for a small mountain

catchment. The absolute and relative dependences between the distribution parameter changes and changes in

the peak discharge and time to peak are measured using the sensitivity analysis methods which include both

differential calculus and numerical computations. The Weibull SUH turned out to be more sensitive than the

beta SUH when modeling the maximum discharge. The impacts of both parameters of the beta SUH and one

parameter of the Weibull SUH on the time to peak are comparable, while the influence of the second para-
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output. The absolute and relative sensitivity of the maxi-
mum discharge and time to peak are considered. The mod-
els are validated using the Nash-Sutcliffe coefficient, rela-
tive errors, and comparison to the traditional Snyder’s
model. Generally, we attempted to demonstrate the useful-
ness of the mentioned SUHs to describe the flood wave of
various origins in a medium-sized mountain catchment.

The decision to choose the beta and Weibull probabili-
ty density functions was based on Bhunya [10], who
observed their great shape flexibility to parameter changes
when compared to other distribution.

Owing to the fact that the area under a synthetic unit
hydrograph is 1, it may be expressed by a properly selected
probability density function. The models that use a proba-
bilistic description of the hydrograph are featured usually
by a small number of parameters. This simplifies the cali-
bration and further application [11]. Synthetic unit hydro-
graphs are particularly useful to the catchments where no
regular hydrometric measurements are conducted [12]. The
parameters of the SUH are determined on the basis of
catchment characteristics and not, as in traditional unit
hydrographs, on the basis of registered precipitation and
outflow series [13]. The methods of making synthetic unit
hydrographs widely used in practice include: Snyder’s
method [13, 14], SCS [15], Clark’s method [16, 17], and
Gray’s method [10, 18]. In practice, a proper projection of
a unit hydrograph is achieved for lognormal, gamma, beta,
Weibull, and chi-square distributions. They were applied,
for example, in northern India and Bangladesh and were
described by Bhunya et al. [10, 19].

Catchment Description

The study was conducted for a mountain basin of the
Jasiolka River located in southeastern Poland. The total
area of the catchment is 513 km2 and its average elevation
is 541.55 m a.s.l. The parameters of the catchment are pre-
sented in Table 1 and the hydrographic network and land
cover in Fig. 1.

The catchment is located in the outer flysch
Carpathians, where the predominant rock type is marly sil-
icate flysch. The main soil types are brown earths, lessive
soils, and rendzinas. As can be seen in Fig. 1, the catchment
is typically agricultural: agricultural lands cover 53.9% and
forests about 40%. The rest of the catchment is covered by
built-up areas, orchards, fallow lands, and grasslands.

Material and Methods

The two rainfall-runoff events of summer and winter
half-year were applied to the analysis. They represented
flood events from the period 1980-83. Due to data avail-
ability, the time step was equal to one day. Dimensionless

values were adopted in the unit hydrographs, where ti is

the time from the beginning of the hydrograph and b is the
duration of the unit hydrograph. Before the actual analysis,
the baseflow and the direct runoff were separated on a
hydrograph by a straight line from a point where the flow
starts to increase to a point where the direct runoff ends.
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Fig. 1. Hydrographic network and land use in the catchment.

Table 1. Parameters of the Jasiołka catchment.

Index Value

River network density Gs [km·km-2] 2.28

Maintenance factor Sw [km2·km-1] 0.44

Lake density Wj [%] 0.03

Average river slope Jo [‰] 7.40

Average width of the catchment Bz [km] 9.55

Length of the catchment L [km] 53.69

Coefficient of form CF [-] 0.18

Elongation coefficient CW [-] 0.48

Gravelius coefficient [-] 2.08

Legend:

arable land
grasslands
built-up area
orchards
wetlands
forests
water sub area



The observed unit hydrograph ordinates were determined
using the method described by Ponce [8]. 

Construction of the SUH

The beta and Weibull distributions were considered for
the construction of the synthetic unit hydrographs:
• the two-parameter beta distribution with parameters α,

β > 0 and the probability density function in the form:

(1)

...where B is the beta function.
The mode and f(mode) are given as

and (2)

• the two-parameter Weibull distribution with parameters
v>0, k>1 has the probability density function 

(3)

The mode and f(mode) are 

and (4)

The estimators of α, β, k, v were calculated using the
optimization method. 

Optimization Process

The criterion for optimization was to minimize a scalar
quantity known as an objective function or an error. In this
study the following objective function for a single event
was applied:

(5)

...where qpobs and qpsim are the observed and simulated peak

discharges in the SUH and Tpobs and Tpsim are the times to

peak in the SUH. For the catchment considered, the winter
and summer peak discharges of unit hydrograph were 1.92
m3·s-1 and 3.44 m3·s-1, respectively, and the times to peak
were 72 h for winter and 48 h for summer. The time to peak
is higher for the winter half-year wave than for the summer
half-year because, according to Wałęga [20], the flow
increase is slower in the analyzed region in the winter half-
year. This is caused by supplying the watercourse mainly
by the snowmelt runoff. In the summer half-year the runoff
comes from heavy and torrential precipitation which is then
manifested by a rapid increase over a short time and slow
decrease of flows. Change in supply affects the shape of
hydrographs.

The function F was introduced by Lee et al. [21] and
adopted by Al-Wagdany and Rao [22]. The advantage of
using this form of the objective function is that it takes into
consideration both peak discharge qp and time to peak Tp in

the SUH. According to Ahmad et al. [23], it is particularly
useful in models that aim to determine the flows for design
of hydraulic structures and flood protection models. Those
authors applied the function to optimize the Clark IUH
model for catchments in Pakistan. The function F takes the
lowest value equal to 0 if and only if  qobs=qsim and

Tpobs=Tpsim. As Tpobs is the observed time to peak, it can be

treated as estimate of the mode of the distribution.
Analogously, the peak discharge qobs estimates f(mode).

Hence, the parameters α, β, k, v can be estimated by solv-
ing the system of equations:

(6)

These equations are expressed in (2) and (4) for the beta
and Weibull distributions. The solutions of (2) and (4) pro-
vide estimates of parameters.

Sensitivity of the SUH

Sensitivity is the rate of change in a function Y with
respect to change in an argument X=(X1, X2, ..., Xn) [24]. The

base for nearly all sensitivity analysis techniques is differen-

tial calculus. Let D⊂R
n

be an open and bound set in a
Euclidian measure. Let Y:D→R be a function of class C(∞)

for every i=1, …, n, X0=(X10,…,Xn0)∈D and all partial deriv-

atives be uniformly bounded on some neighborhood

U⊂D of X0. Assume that all but the variable of interest, Xi,

are held fixed and that (X10, …, Xi0+ΔXi, …, Xn0)∈U. Then a

Taylor series expansion of the function Y at X0 has the form: 

(7)

The contribution of each component to the total sum
decreases with m. We limit ourselves to the case when non-
linear terms in the above equation are small in comparison
to the linear one. Then the equation reduces to:

Hence, the incremental change in Y is:

...and the sensitivity of Y to changes in Xi is expressed in an

analytical way as the partial derivative . If the partial

derivation is featured by a high computational complexity,
which happens often in hydrological models, the approxi-
mated methods are applied. Then the sensitivity is an
approximation of the first partial derivative and in practice
is expressed as the ratio of two changes:

(8)

 

 

 

,  
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This is the first form of sensitivity, which is called
absolute sensitivity. In fact, it measures the power of the lin-
ear part of the i-th variable in the function. The second form
is the relative sensitivity, which expresses the relative
change in Y with respect to a relative change in Xi:

(9)

This coefficient is also called the elasticity ratio. These
two parameters are used in hydrological modeling [24, 25]
and enable us to compare models. The elasticity e is invari-
ant to the dimensions of X and Y. If |e|≥1, then the parame-
ter is flexible. In other words, the dependent variable is sen-
sitive to changes of the independent variable. Otherwise, if
|e|<1, then the parameter is weak flexible or inflexible and
the dependent variable is weak sensitive or insensitive to
changes of the independent variable.

In our study, each of the estimated parameters α, β, v, k
was treated as an independent input variable. The point
(αmin, βmin) plays the role of X0 in (7) and Y is the peak dis-

charge or  time to peak simulated by the beta SUH.
Analogously, we have X0=(kmin, vmin) for the Weibull SUH.

Then their influence on the peak discharge and time to peak
was reflected in S and in e. The time to peak and the peak
discharge is expressed in (2) and (4) as mode and f(mode),
respectively. Both functions can be expanded in a Taylor’s
series around (αmin, βmin) and (kmin, vmin). Notice that f(mode)

that equals the simulated peak discharge is featured by a
high complexity in (2) and (4) (except for dependence
v→f(mode) in Weibull pdf). Its sensitivity analysis will be
based mainly on numerical calculations. The time to peak,
i.e. mode in (2) and (4), has a simpler form and the absolute
sensitivity can be calculated analytically using the partial
derivatives. The simplest, linear dependence exists between
v and mode in (4). 

The investigation of the maximum discharge variability
was also performed when both parameters were changed
simultaneously. For some pairs (α, β), from neighborhood
of (αmin, βmin), the simulated peak discharges in beta SUH

were calculated. The analogous analysis was performed for
the Weibull SUH. This part of analysis also plays an impor-
tant role in assessing the flood hazard.

Validation of the Models

The models were validated in two ways: with the Nash-
Sutcliffe efficiency coefficient and using the comparison to
the classical Snyder UH model.

The Nash-Sutcliffe coefficient [26, 27] assesses the
quality of the generated SUH. It compares the shape of the
obtained pdf to the shape of the observed unit hydrograph:

(10)

...where NQ is the number of ordinates of the hydrograph,
Qi,obs and Qi,sim are the ith ordinates of the observed and sim-

ulated hydrograph and Qobs¯¯¯ is the mean value of the ordi-

nates of the observed hydrograph. In the validation process,
the criterion of model quality presented in the paper by
Moriasi et al. [28] will be used. It states that, if the efficien-
cy ratio E exceeds 65%, the model quality is good and if it
exceeds 75%, then very good.

Each SUH model was also compared to the Snyder UH
model for the summer half-year wave using the relative
error.

The simulations for the Snyder’s model were carried
out using HEC-HMS 3.4 software [29]. The effective pre-
cipitation was determined by the SCS method, at present
known as NRCS-CN [16, 30], assuming the value of CN as
82. The baseline flow was determined using the recession
curve parameters. NRCS-CN is alternative method to
runoff determination, especially in an ungauged catchment
[4].

The parameters of the Snyder’s model were determined
using the methodology given by Ven Te Chow et al. [1] and
Ponce [8]. The peak discharge and the lag time were calcu-
lated using the formulas:

(11)

...where Cp an empirical coefficient (triangular time

base/lag), A the catchment area (km2), L the length along
the mainstream from outlet to the upstream divide (km),
and Lc the length of the main stream from the outlet to a

point on the stream nearest to the centroid of the watershed
area (km). Ct is the coefficient for catchment gradient and

storage. In the considered catchment, Cp = 0.51, Ct = 1.50,

and Lc= 30 km. Due to the fact that the adopted rainfall

time step TR, equal to 1 day did not correspond to the con-

dition Tr= Tl/5.5, where Tl the lag time, Tr an unit hydro-

graph duration, the time lag was adjusted to TlR using the

formula: 

(12)

...which resulted in TlR=14.85 h.

Results and Discussion

Optimization of the Objective Function

Table 2 presents the estimators of the parameters: αmin,

βmin for the beta SUH and kmin, and vmin for the Weibull SUH

using the criterion min F.
The interpretation of the optimization of parameters α

and β for the beta SUH is presented in Fig. 2 and for the
Weibull SUH in Fig. 3. The figures are based on the wave
from the winter half-year. Each graph focuses the variabil-
ity of the objective function if one parameter varies and the
second one is fixed as the optimal value. A clear decrease
of the objective function F can be seen in the initial steps of
the optimization until the function reaches a minimum,
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which indicates the optimum value of the given parameter.
Then the objective function increases. In the case of the
parameter α and the beta SUH, we revaluated the peak dis-
charge values in the unit hydrograph by moving both left
and right to the min F. 

Sensitivity Analysis of the Generated SUH

The power of the influence of  the changes of parame-
ters α, β, k, and v on the changes of the maximum dis-
charges and on the times to peak for both SUHs in the win-
ter half-year was expressed in the coefficients S and e. 

The absolute sensitivity S was studied using (8) and the
first partial derivatives, apart from the simple case
v→f(mode) in (4) where the dependence is linear. The
impact of each parameter was analyzed separately, while
the second parameter was fixed. The results for S and for
the peak discharge are presented in Table 3.

We deduce that:
• Both parameters have an analogous tendency: an

increase of α, β causes an increase of the peak discharge
and vice versa. The changes in the peak discharges in
the beta SUH are proportional to changes of the para-
meters α, β in the considered intervals. The form of
f(mode) in (2) implies that if both parameters are equal,
they influence the peak discharge with the same power.
However, as βmin>αmin, the changes differ. The elasticity

ratio e will indicate the stronger parameter in further
analysis.

• An increase of k, v causes a decrease of the peak dis-
charge and vice versa. The parameter v causes them to
a greater degree than k. Analytically, the first partial
derivative with respect to v equals:

is negative, which confirms an opposite response to
changes and decreases quicker for v<vmin than for v>vmin.

That is why the absolute error is greater if this parame-
ter is underestimated than otherwise. 
The changes in the Weibull SUH are much stronger

than in the beta, indicating the parameter v as dominant.
Figs. 4 and 5 display the graphs of the elasticity ratio e.

The parameter change was from 0 to 25% in these figures. 
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Table 2. The parameters of the beta and Weibull distributions,
which minimize F. 

Type of the
flood event

Beta SUH Weibull SUH

αmin βmin kmin vmin

Winter 2.78 3.38 2.50 0.53

Summer 7.56 10.84 3.90 0.43

Fig. 2. Optimization of parameters of the beta SUH.

Fig. 3. Optimization of parameters of the Weibull SUH. 

The parameter
change step

Beta SUH Weibull SUH

α=2.78,
β variable

β=3.38, 
α variable

k=2.50,
v variable

v=0.53,
k variable

-0.2 -0.02 -0.01 0.59 -0.13

-0.1 -0.01 -0.01 0.22 -0.07

0.1 0.01 0.01 -0.17 0.06

0.2 0.02 0.01 -0.28 0.12

Table 3. The absolute sensitivity S of the peak discharge for the
beta and Weibull SUH.

Fig. 4. The elasticity ratio for the maximum discharge, the beta
SUH model.
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The results confirm the analysis of S and additionally
imply that:
• the peak discharge in the beta SUH is inflexible to

changes of both α and β because the elasticity ratio is
less than 1. However, β causes greater relative error
than does α.

• the peak discharge in the Weibull SUH is inflexible to k
and more flexible to v: its underestimation in compari-
son to the optimal value vmin causes overestimation of

the peak discharge. 
Subsequently, the influence of the parameters α, β, k, v

on the time to peak was studied. 
• The first partial derivative of the mode in the beta SUH

with respect to parameter α equals:

...and is positive for β>1. As we consider β from the
neighbourhood of βmin=3.38 only, this implies that an

overestimation of α causes an overestimation of the time

to peak and vice versa. As is a decreasing

function, the absolute error in the time to peak is greater
for α<αmin than for α>αmin. The first partial derivative

with respect to parameter β equals:

...and is negative for every α near 2.78. Hence an over-
estimation of β causes an underestimation of the time to
peak, but the absolute error is greater for β<βmin than for

β>βmin. The power of the response of the time to peak to

α changes is greater than to β changes, as

.

• The first partial derivative of the mode in the Weibull
SUH with respect to parameter v equals:

...and does not depend on v. This relates to the case
when there are exactly two first non-zero components in

the sum (7) and the further derivatives vanish. For each
fixed k the error in v causes a proportional error in the
time to peak, in the same direction. The derivative

was not calculated due to high complexity.

However, the impact of parameter v on the mode was
studied directly from the Weibull pdf.
The influence of the parameters α, β, k, v on the time to

peak for both SUHs, expressed in the elasticity ratio e, is
presented in Figs. 6 and 7. 

The results confirm earlier results and imply that:
• the time to peak in the beta SUH is weak flexible to both

parameters when they overestimate the optimal values
and flexible if strong underestimation (20%) holds,

• the time to peak in the Weibull SUH is flexible to v (as
mode is a linear function of v for Weibull distribution,
see equation (4)) and  inflexible to k. 
Generally, the maximum discharge in the beta SUH

model is less flexible to changes of parameters than in the
Weibull SUH. The time to peak is flexible in a similar degree
to the parameter v in the Weibull SUH and to both α and β
in the beta SUH because all three parameters are featured by
a similar elasticity ratio. The influence of k is weaker.

The above study was complemented for each SUH with
numerical analysis of the simulated peak discharges for
both parameters changing simultaneously. The results are
presented in Table 4 and imply that:
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Fig. 5. The elasticity ratio for the maximum discharge, the
Weibull SUH model. Fig. 6. The elasticity ratio for Tp, the beta SUH model.

Fig. 7. The elasticity ratio for Tp, the Weibull SUH model.
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k variable, v const.

v variable, k const.
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1. An overestimation of both parameters (especially β) in
comparison to the optimal values αmin, βmin in the beta

SUH causes overestimation of the simulated peak dis-
charge. The response of the model is contrary for both
parameters underestimated.

2. The peak discharge in the Weibull SUH is overestimat-
ed if the parameter v is lower than the optimal value
(v<vmin). If v>vmin then it is underestimated. These prop-

erties hold for every k. The parameter k has weaker
influence on the simulated peak discharge. The
strongest overestimation was achieved for k>kmin and

v<vmin and the strongest underestimation otherwise.

Comparison and Validation of the Models

Figs. 8 and 9 show the verification of the prepared syn-
thetic hydrographs using the SUH beta and Weibull method.
The total recorded rainfall depth that caused the analyzed
high water level was 42.10 mm and lasted 4 days. The
results of the detailed comparison between the SUH hydro-
graphs (beta, Weibull and Snyder) are presented in Table 5.

The corollaries are as follows:
1. Snyder’s model overestimated the peak discharges in

SUHs.
2. The total volume was overestimated by both SUHs and

the errors were greater than using Snyder’s model.
3. The beta and Weibull SUHs are featured by good effi-

ciency which is, however, lower than in the Snyder’s
unit hydrograph model that represents very good effi-
ciency.

Generally, the beta and Weibull SUHs correctly
describe the actual flood events and both models are good,
indicating the Weibull SUH as more efficient. Generally,
both constructed SUHs have the role to simulate perfectly
the peak discharge while the Snyder’s model better esti-
mates total volume.

Conclusions

The applied method correctly described the precipita-
tion flood in the catchment of the Jasiołka River. The pro-
posed SUHs were characterized by good efficiency in
determining hypothetical hydrographs, and the usefulness
of the applied objective function in the medium size moun-
tain catchment was confirmed.

Our paper evaluates the sensitivity of both SUH mod-
els to parameter changes. The response of the model is
reflected in absolute and relative sensitivities. They were
investigated using the first partial derivatives and/or
numerical calculations. The peak discharge in the beta
SUH is less sensitive than in the Weibull SUH: the influ-
ence of each parameter of the Weibull pdf is greater than
of these in the beta pdf. The influence of the parameters v,
α, and β on the time to peak is similar. The Weibull SUH
is most sensitive to changes in parameter v than in k. The
analysis was complemented with the study of the simulat-
ed peak discharge when both parameters change simulta-
neously. Hereby, the deeper insight in the nature of the
changes was performed and the earlier results were con-
firmed.
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Table 4. The simulated peak discharges in the beta and Weibull SUH for various parameters, the winter half-year.

Beta SUH Weibull SUH

β/α 2.58 2.68 2.78 2.88 2.98 v/k 2.1 2.3 2.5 2.7 2.9

3.18 1.85 1.86 1.88 1.89 1.90 0.33 2.69 2.87 3.06 3.26 3.46

3.28 1.88 1.89 1.90 1.91 1.92 0.43 2.06 2.20 2.35 2.50 2.66

3.38 1.90 1.91 1.92* 1.93 1.94 0.53 1.67 1.79 1.92* 2.03 2.15

3.48 1.93 1.93 1.94 1.95 1.96 0.63 1.41 1.50 1.60 1.71 1.81

3.58 1.95 1.96 1.96 1.97 1.98 0.73 1.21 1.30 1.38 1.47 1.56

*related to the peak discharge (Qp=1.92 m3/s) for optimal parameters

Table 5. The validation of the beta and Weibull SUHs and of the Snyder UH, the winter half-year.

Unit hydrograph
Error of Qp (to the

Snyder’s model) [%]
V [106 m3]

Error of V (to the
observed) [%]

Efficiency E [%]

Observed wave 8.43

Beta SUH -2.48 9.42 11.74 65.1

Weibull SUH -2.48 9.10 7.94 71.7

Snyder UH 7.94 -5.81 89.3

*the error of the volume was calculated as , analogously for the error of Qp. 
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Fig. 9. Verification of the SUH model based on the Weibull distributions for the summer half-year, the Jasiołka River at Jasło.

Fig. 8. Verification of the SUH model based on the beta distributions for the summer half-year, the Jasiołka River at Jasło.
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